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New MDS Euclidean Self-orthogonal Codes
Xiaolei Fang Meiqing Liu Jinquan Luo*
Abstract: In this paper, a criterion of MDS Euclidean self-orthogonal codes is presented and applied
to construct new MDS Euclidean self-orthogonal codes by means of (extended) generalized Reed-Solomon
(GRS) codes. We produce new MDS Euclidean self-dual codes via GRS codes over finite fields. Among
our constructions, for large square q, about 18 ·q new MDS Euclidean self-dual codes with different lengths
can be produced. Utilizing the criterion, we can construct about 14 ·q new MDS Euclidean self-orthogonal
codes with different even lengths and about 18 · q new MDS Euclidean self-orthogonal codes with different
odd lengths for large square q.
Key words: MDS code, Euclidean self-dual code, Euclidean self-orthogonal code, Generalized Reed-
Solomon (GRS) code.
1 Introduction
Let q be a prime power and Fq be a finite field of cardinality q. A linear code C over Fq, denote
by [n, k, d]q is a linear Fq-subspace of F
n
q with dimension k and minimal (Hamming) distance d. If the
parameters can reach the Singleton bound, that is n + 1 = k + d, then we call C a maximum distance
separable (MDS) code. Denote the Euclidean dual code of C by C⊥. If C ⊆ C⊥, we call C a Euclidean
self-orthogonal code. If C = C⊥, then C is called a Euclidean self-dual code.
Both MDS codes and Euclidean self-dual codes have theoretical and practical significance. Thus the
study of MDS Euclidean self-dual codes have attracted a lot of interest, especially for the constructions
of MDS Euclidean self-dual codes. Such codes can be constructed in various ways, which mainly are: (1).
orthogonal designs, see [7, 11, 12]; (2). building up technique, see [19, 20]; (3). constacyclic codes, see
[18, 27, 29]; (4). (extended) GRS codes, see [5, 10, 17, 21, 27, 28, 30].
It is noted that the parameters of MDS Euclidean self-dual codes can be completely determined by
the code length n. For the finite field of even characteristic, Grassl and Gulliver completely determined
the MDS Euclidean self-dual codes of length n for all 1 ≤ n ≤ q in [8]. In [9, 18, 27], the authors obtained
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some new MDS Euclidean self-dual codes through cyclic, constantcyclic and negacyclic codes. In [17], Jin
and Xing firstly presented a general and efficient method to construct MDS Euclidean self-dual codes by
utilizing GRS codes. Afterwards, many researchers started to construct MDS Euclidean self-dual codes
via GRS codes. In [30], Zhang and Feng gave a non-existence result, that is, when q ≡ 3 (mod4) and
n ≡ 2 (mod4), we could not construct MDS Euclidean self-dual code of length n. We list all the known
results on the systematic constructions of MDS Euclidean self-dual codes, which are depicted in Table 1.
Table 1: Known systematic construction on MDS Euclidean self-
dual codes of length n ( η is the quadratic character of Fq)
q n even Reference
q even n ≤ q [8]
q odd n = q + 1 [8]
q odd (n− 1)|(q − 1), η(1 − n) = 1 [28]
q odd (n− 2)|(q − 1), η(2 − n) = 1 [28]
q = rs ≡ 3 (mod 4) n− 1 = pm | (q − 1), prime p ≡ 3 (mod 4) and m odd [9]
q = rs, r ≡ 1 (mod 4), s odd n− 1 = pm | (q − 1), m odd and prime p ≡ 1 (mod 4) [9]
q = rs , r odd, s ≥ 2 n = lr, l even and 2l|(r − 1) [28]
q = rs , r odd, s ≥ 2 n = lr, l even , (l − 1)|(r − 1) and η(1 − l) = 1 [28]
q = rs , r odd, s ≥ 2 n = lr + 1, l odd , l|(r − 1) and η(l) = 1 [28]
q = rs , r odd, s ≥ 2 n = lr + 1, l odd , (l − 1)|(r − 1) and η(l − 1) = η(−1) = 1 [28]
q = r2 n ≤ r [17]
q = r2, r ≡ 3 (mod 4) n = 2tr for any t ≤ r−12 [17]
q = r2, r odd n = tr, t even and 1 ≤ t ≤ r [28]
q = r2, r odd n = tr + 1, t odd and 1 ≤ t ≤ r [28]
q ≡ 1 (mod 4) n|(q − 1), n < q − 1 [28]
q ≡ 1 (mod 4) 4n · n2 ≤ q [17]
q = pk, odd prime p n = pr + 1, r|k [28]
q = pk, odd prime p n = 2pe, 1 ≤ e < k, η(−1) = 1 [28]
q = r2, r odd n = tm, 1 ≤ t ≤ r−1gcd(r−1,m) , q−1m even [21]
q = r2, r odd n = tm+ 1, tm odd, 1 ≤ t ≤ r−1gcd(r−1,m) and m|(q − 1) [21]
q = r2, r odd n = tm+ 2, tm even, 1 ≤ t ≤ r−1gcd(r−1,m) and m|(q − 1) [21]
q = r2, r odd n = tm, 1 ≤ t ≤ r+1gcd(r+1,m) , q−1m even [6]
q = r2, r odd
n = tm+ 2, tm even(except when t is even, m is even
and r ≡ 1(mod 4)), 1 ≤ t ≤ r+1gcd(r+1,m) and m|(q − 1) [6]
q = r2, r odd n = tm+ 1, tm odd, 2 ≤ t ≤ r+12 gcd(r+1,m) and m|(q − 1) [6]
q = r2, r odd
n = tm, 1 ≤ t ≤ s(r−1)gcd(s(r−1),m) , s even, s|m,
r+1
s
even and q−1
m
even
[6]
q = r2, r odd
n = tm+ 2, 1 ≤ t ≤ s(r−1)gcd(s(r−1),m) , s even, s|m,
s | r + 1 and m|(q − 1) [6]
q = pm, m even, odd prime p n = 2trl with r = ps, s | m2 , 0 ≤ l ≤ ms and 1 ≤ t ≤ r−12 [5]
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q = pm, m even, odd prime p
n = (2t+ 1)rl + 1 with r = ps, s | m2 , 0 ≤ l < ms
and 0 ≤ t ≤ r−12 or l = ms , t = 0
[5]
q = pm ≡ 1(mod 4) n = pl + 1 with 0 ≤ l ≤ m [5]
In odd characteristic case, the lengths of MDS Euclidean self-dual codes are restricted among the
above known results. For instance, in Row 7 of Table 1 (see [28]), the length n = lr must satisfy the
restrictive conditions “l is even and 2l | (r− 1)”. So it can produce a few MDS Euclidean self-dual codes
with different lengths. In this paper, we produce approximately q8 many q-ary MDS Euclidean self-dual
codes with different lengths.
As is well known, Hermitian self-orthogonal codes have a wide range of applications in communications
(see [24]), for example, secret sharing (see [2]). In [1], Ashikhmin and Knill proposed the Hermitian
Construction of quantum, which is an important technique for constructing quantum codes from classical
codes. Subsequently, many people devoted themselves to the constructions of MDS Hermitian self-
orthogonal codes (see [3, 4, 13-16, 22, 25, 26, 31, 32]). However, there were rarely study on MDS
Euclidean self-orthogonal codes, and the constructions of MDS Euclidean self-orthogonal codes were
limited in previous works. In this paper, we give a criterion of MDS Euclidean self-orthogonal via
(extended) GRS codes and apply this criterion to construct new MDS self-orthogonal codes.
The rest of this paper is organized as follows. In Section 2, we introduce some basic notations and
useful results on self-dual codes and GRS codes. In Section 3, we give constructions of new MDS Euclidean
self-dual codes utilizing GRS codes. In Section 4, a criterion of MDS self-orthogonal codes is presented
and applied to construct new MDS self-orthogonal codes. We conclude the results in Section 5.
2 Preliminaries
In this section, we introduce some basic notations and useful results on self-dual codes, self-orthogonal
codes and GRS codes.
For two vectors
−→
b = (b1, b2, . . . , bn) and
−→c = (c1, c2, . . . , cn) of Fnq , we can define their Euclidean
inner product: 〈−→
b ,−→c
〉
= b1c1 + b2c2 + · · ·+ bncn.
Let C be a linear code over Fq. The Euclidean dual of C is defined as follows:
C⊥ = {−→u ∈ Fnq |for all −→c ∈ C, 〈−→u ,−→c 〉 = 0}.
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If C = C⊥, then C is called a Euclidean self-dual code. If C ⊆ C⊥, we call C a Euclidean self-orthogonal
code.
For 1 < n < q, we choose two n-tuples −→v = (v1, v2, . . . , vn) and −→a = (a1, a2, . . . , an), where vi ∈ F∗q ,
1 ≤ i ≤ n (vi may not be distinct) and ai, 1 ≤ i ≤ n are distinct elements in Fq. Then the GRS code of
length n associated with −→v and −→a is defined below:
GRSk(
−→a ,−→v ) = {(v1f(a1), . . . , vnf(an)) : f(x) ∈ Fq[x], deg(f(x)) ≤ k − 1}, (1)
where 1 ≤ k ≤ n.
It is well-known that the code GRSk(
−→a ,−→v ) is a q-ary [n, k]-MDS code and its dual code is also an
MDS code [23, Chapter 11].
Moreover, the extended GRS code associated with −→v and −→a is defined by:
GRSk(
−→a ,−→v ,∞) = {(v1f(a1), . . . , vnf(an), fk−1) : f(x) ∈ Fq[x], deg(f(x)) ≤ k − 1}, (2)
where 1 ≤ k ≤ n and fk−1 is the coefficient of xk−1 in f(x).
It is also well known that the code GRSk(
−→a ,−→v ,∞) is a q-ary [n + 1, k] MDS code and its dual is
also MDS [23, Chapter 11].
We define
L−→a (ai) =
∏
1≤j≤n,j 6=i
(ai − aj).
and let QRq be the set of nonzero squares of Fq. We give the following lemmas, which are useful in the
proof of the main results.
Lemma 2.1. ([22], Lemma 5) Let a1, a2, · · · , an be n distinct elements of Fq. Then we have
n∑
i=1
ami (L−→a (ai))
−1 =
{
0, 0 ≤ m ≤ n− 2;
1, m = n− 1.
A criterion of MDS Euclidean self-orthogonal codes is presented in the following lemmas, which can
be applied to construct new MDS Euclidean self-orthogonal codes.
Lemma 2.2. Assume 1 ≤ k ≤ ⌊n2 ⌋. The code GRSk(−→a ,−→v ) is Euclidean self-orthogonal if and only
if there exists a nonzero vector (λ0, λ1, . . . , λn−2k) ∈ Fn−2k+1q such that v2i = λ(ai) (L−→a (ai))−1 for any
1 ≤ i ≤ n and λ(ai) = λ0 + λ1ai + · · ·+ λn−2kan−2ki .
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Proof. Let (v1a
i
1, v2a
i
2, . . . , vna
i
n) be a basis of GRSk(
−→a ,−→v ) with 0 ≤ i ≤ k − 1.
GRSk(
−→a ,−→v ) is self-orthogonal
⇔v21am1 + . . .+ v2namn = 0, for 0 ≤ m ≤ 2k − 2
⇔


1 1 · · · 1
a1 a2 · · · an
...
...
. . .
...
a2k−21 a
2k−2
2 · · · a2k−2n




v21
v22
...
v2n

 = −→0 .
Denote by
A =


1 1 · · · 1
a1 a2 · · · an
...
...
. . .
...
a2k−21 a
2k−2
2 · · · a2k−2n

 and X =


v21
v22
...
v2n

.
We know the solution of 

1 1 · · · 1
a1 a2 · · · an
...
...
. . .
...
an−21 a
n−2
2 · · · an−2n




v21
v22
...
v2n

 = −→0
is
λ ·
(
1
L−→a (a1)
,
1
L−→a (a2)
, . . . ,
1
L−→a (an)
)T
,
where λ ∈ F∗q . Therefore, it is obvious that
(
1
L−→a (a1)
, . . . ,
1
L−→a (an)
)T
,
(
a1
L−→a (a1)
, . . . ,
an
L−→a (an)
)T
, . . . ,
(
an−2k1
L−→a (a1)
, . . . ,
an−2kn
L−→a (an)
)T
(3)
are the solutions of AX =
−→
0 and they are linear independent. From rank(A) = n − 2k + 1, it follows
that (3) is a basic solution system of AX =
−→
0 . Therefore,
v2i =
n−2k∑
h=0
λha
h
i (L−→a (ai))
−1 for any 1 ≤ i ≤ n,
where (λ0, λ1, . . . , λn−2k) ∈ Fn−2k+1q is a nonzero vector.
Conversely, let v2i = λ(ai) (L−→a (ai))
−1 for any 1 ≤ i ≤ n and λ(ai) = λ0 + λ1ai + · · · + λn−2kan−2ki ,
where (λ0, λ1, . . . , λn−2k) ∈ Fn−2k+1q is a nonzero vector. Then we can obtain that
n∑
i=1
v2i a
m
i = 0 for 0 ≤ m ≤ 2k − 2,
which implies that the code GRSk(
−→a ,−→v ) is Euclidean self-orthogonal.
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As a corollary of this result, Corollary 2.4 of [17] can be deduced directly with even n and k = n2 .
Lemma 2.3. Assume 1 ≤ k ≤ ⌊n+12 ⌋. The code GRSk(−→a ,−→v ,∞) is Euclidean self-orthogonal if and
only if there exists a vector (λ0, λ1, . . . , λn−2k,−1) ∈ Fn−2k+2q such that v2i = λ(ai) (L−→a (ai))−1 for any
1 ≤ i ≤ n and λ(ai) = λ0 + λ1ai + · · ·+ λn−2kan−2ki − an−2k+1i .
Proof. Since GRSk(
−→a ,−→v ,∞) is self-orthogonal, one has

n∑
i=1
v2i a
m
i = 0, 0 ≤ m ≤ 2k − 3;
n∑
i=1
v2i a
2k−2
i + 1 = 0
(4)
With the same proof of Lemma 2.2, the solution of the first equation of (4) is
v2i =
n−2k+1∑
h=0
λha
h
i (L−→a (ai))
−1 for any 1 ≤ i ≤ n,
Substituting v2i =
n−2k+1∑
h=0
λha
h
i (L−→a (ai))
−1
to the last equation of (4), it obtains
n∑
i=1
λn−2k+1a
n−1
i (L−→a (ai))
−1
+ 1 = 0.
It deduces λn−2k+1 = −1 from Lemma 2.1. Hence there exists a vector (λ0, λ1, . . . , λn−2k,−1) ∈ Fn−2k+2q
such that v2i = λ(ai) (L−→a (ai))
−1
for any 1 ≤ i ≤ n and λ(ai) = λ0 + λ1ai + · · ·+ λn−2kan−2ki − an−2k+1i .
Conversely, let v2i = λ(ai) (L−→a (ai))
−1
for any 1 ≤ i ≤ n and λ(ai) = λ0 + λ1ai + · · ·+ λn−2kan−2ki −
an−2k+1i . Then we can obtain that

n∑
i=1
v2i a
m
i = 0, 0 ≤ m ≤ 2k − 3
n∑
i=1
v2i a
2k−2
i + 1 = 0,
which implies that the code GRSk(
−→a ,−→v ,∞) is self-orthogonal.
As a corollary of this result, Lemma II.2 in [28] can be deduced directly with odd n and k = n+12 .
Lemma 2.4. ([28], Lemma 3) Let m | q− 1 be a positive integer and let α ∈ Fq be a primitive m-th root
of unity. Then for any 1 ≤ i ≤ m, we have
∏
1≤j≤m,j 6=i
(
αi − αj) = mα−i.
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3 Constructions of New MDS Euclidean Self-dual Codes
In this section, we present new MDS Euclidean self-dual codes constructed by GRS codes.
Theorem 1. Let q = r2, where r is an odd prime power and r ≡ 1 (mod4). For any even s with
1 ≤ s ≤ r+12 , 1 ≤ t ≤ r−12 and assume n = s(r − 1) + t(r + 1). Then there exists a q-ary [n, n2 ] MDS
Euclidean self-dual code.
Proof. Let g be a primitive element of F∗q , α = g
r+1, β = gr−1 and γ = g
r+1
2 . Denote by 〈α〉 =
{1, α, . . . , αr−2} and 〈β〉 = {1, β, . . . , βr} and choose
−→a = (〈α〉, β〈α〉, . . . , βs−1〈α〉, γ〈β〉, γ3〈β〉, . . . , γ2(t−1)+1〈β〉).
Since r ≡ 1(mod4), it follows that α, β ∈ QRq and γ 6∈ QRq. Therefore, βi〈α〉
⋂
γ2j+1〈β〉 = ∅ for all
0 ≤ i ≤ s− 1 and 0 ≤ j ≤ t− 1. By Lemma 2.4, it is necessary to consider two cases.
• For 0 ≤ i ≤ s− 1 and 0 ≤ j ≤ r − 2,
L−→a (β
iαj) =
r−2∏
k=0,k 6=j
(βiαj − βiαk) ·
s−1∏
l=0,l 6=i
r−2∏
k=0
(βiαj − βlαk) ·
t−1∏
l=0
r∏
k=0
(βiαj − βkγ2l+1)
= βi(r−2) · (r − 1) · α−j ·
s−1∏
l=0,l 6=i
(β−2i − β−2l) ·
t−1∏
l=0
(
αj(r+1) − γ(2l+1)(r+1)
)
.
(5)
Note that β, α, r− 1 ∈ QRq and
t−1∏
l=0
(
αj(r+1) − γ(2l+1)(r+1)) ∈ F∗r ⊆ QRq. We only need to consider
u :=
s−1∏
l=0,l 6=i
(β−2i − β−2l). Then
ur =
s−1∏
l=0,l 6=i
(β2i − β2l) =
s−1∏
l=0,l 6=i
(β2(i+l) · (β−2l − β−2i))
= β
2
(
(s−1)i+
s−1∑
l=0,l 6=i
l
)
· (−1)s−1 ·
s−1∏
l=0,l 6=i
(β−2i − β−2l)
= (−1)s−1 · β2((s−2)i+ s(s−1)2 ) · u.
So
ur−1 = (−1)s−1 · β2((s−2)i+ s(s−1)2 ) = g (r+1)(s−1)2 ·(r−1)+2((s−2)i+ s(s−1)2 )·(r−1),
that is
u = g
(r+1)(s−1)
2 +2((s−2)i+
s(s−1)
2 )+k·(r+1) (6)
with some integer k.
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• For 0 ≤ i ≤ t− 1 and 0 ≤ j ≤ r,
L−→a (γ
2i+1βj) =
r∏
k=0,k 6=j
(γ2i+1βj − γ2i+1βk) ·
t−1∏
l=0,l 6=i
r∏
k=0
(γ2i+1βj − γ2l+1βk)
·
s−1∏
k=0
r−2∏
l=0
(γ2i+1βj − αlβk)
=
(
γr(2i+1) · (r + 1) · β−j
)
·
t−1∏
l=0,l 6=i
(
γ(2i+1)(r+1) − γ(2l+1)(r+1)
)
·
(
(−1)s ·
s−1∏
k=0
(β−2j + β−2k)
)
.
(7)
Consider u :=
s−1∏
k=0
(β−2j + β−2k). Then
ur =
s−1∏
k=0
(β2j + β2k) =
s−1∏
k=0
β2(j+k)(β−2j + β−2k)
= β
2
(
sj+
s−1∑
k=0
k
)
·
s−1∏
k=0
(β−2j + β−2k)
= β2(sj+
s(s−1)
2 ) · u.
So
ur−1 = g(r−1)·2(sj+
s(s−1)
2 ),
that is u = g2(sj+
s(s−1)
2 )+k(r+1), for some integer k.
Choose λ = γ = g
r+1
2 .
• In (5), we have known that β, α, r−1 and
t−1∏
l=0
(
αj(r+1) − γ(2l+1)(r+1)) are all nonzero square elements.
From (6) and s is even, it obtains that λu = g
(r+1)s
2 +2((s−2)i+
s(s−1)
2 )+k·(r+1) is a nonzero square
element. So λL−→a (β
iαj) ∈ QRq.
• In (7), from the above analysis, it is clear that all elements except γr(2i+1) are nonzero square
elements. So λL−→a (γ
2i+1βj) ∈ QRq.
In summary, by Lemma 2.2, there exists a q-ary
[
n, n2
]
MDS Euclidean self-dual code over Fq.
Remark 3.1. In Theorem 1, the number of s is r−14 and the number of t is
r−1
2 . Thus the number of
MDS Euclidean self-dual codes is r−14 × r−12 = 18 · (r − 1)2 ≈ 18q.
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Example 3.1. For q = 1492, 1320MDS Euclidean self-dual codes of different lengths n can be constructed
by utilizing all the previous results (in Table 1). However, by Theorem 1 in this paper, there are 18 · (
√
q−
1)2 = 2738 MDS Euclidean self-dual codes of different lengths.
Theorem 2. Let q = r2, where r is an odd prime power and r ≡ 3 (mod 4). For any 1 ≤ s ≤ r−12 , and
odd t with 1 ≤ t ≤ r+12 , assume n = s(r + 1) + t(r − 1). Then there exists a q-ary [n, n2 ] MDS Euclidean
self-dual code.
Proof. Let g be a primitive element of F∗q, α = g
r+1, β = gr−1 and γ = g
r−1
2 . Denote by 〈α〉 =
{1, α, . . . , αr−2} and 〈β〉 = {1, β, . . . , βr} and choose
−→a = (〈β〉, α〈β〉, . . . , αs−1〈β〉, γ〈α〉, γ3〈α〉, . . . , γ2(t−1)+1〈α〉)
Since r ≡ 3 (mod 4), it follows that α, β ∈ QRq and γ 6∈ QRq. Therefore, αi〈β〉
⋂
γ2j+1〈α〉 = ∅ for all
0 ≤ i ≤ s− 1 and 0 ≤ j ≤ t− 1. By Lemma 2.4, it is necessary to consider two cases.
• For 0 ≤ i ≤ s− 1 and 0 ≤ j ≤ r,
L−→a (α
iβj) =
r∏
k=0,k 6=j
(αiβj − αiβk) ·
s−1∏
l=0,l 6=i
r∏
k=0
(αiβj − αlβk) ·
t−1∏
k=0
r−2∏
l=0
(αiβj − αlγ2k+1)
= αir · (r + 1) · β−j ·
s−1∏
l=0,l 6=i
(αi(r+1) − αl(r+1)) ·
t−1∏
k=0
(
βj(r−1) − γ(2k+1)(r−1)
)
.
(8)
Note that β, α, r + 1 ∈ QRq and
s−1∏
l=0,l 6=i
(αi(r+1) − αl(r+1)) ∈ F∗r ⊆ QRq. We only need to consider
u :=
t−1∏
k=0
(
βj(r−1) − γ(2k+1)(r−1)). Let ξ = γr−1. Then u = t−1∏
k=0
(ξ2j − ξ2k+1). Therefore,
ur =
t−1∏
k=0
(ξ−2j − ξ−(2k+1)) =
t−1∏
k=0
(ξ−2j−(2k+1) · (ξ2k+1 − ξ2j))
= ξ
−2tj−
t−1∑
k=0
(2k+1) · (−1)t ·
t−1∏
k=0
(ξ2j − ξ2k+1)
= (−1)t · ξ−2tj−t2 · u.
So
ur−1 = (−1)t · ξ−2tj−t2 = g (r+1)t2 ·(r−1)+(−2tj−t2)· (r−1)
2
2 ,
that is,
u = g
(r+1)t
2 −(t
2+2tj)· r−12 +k·(r+1), (9)
for some integer k.
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• For 0 ≤ i ≤ t− 1 and 0 ≤ j ≤ r − 2,
L−→a (γ
2i+1αj) =
r−2∏
k=0,k 6=j
(γ2i+1αj − γ2i+1αk) ·
t−1∏
l=0,l 6=i
r−2∏
k=0
(γ2i+1αj − γ2l+1αk)
·
s−1∏
k=0
r∏
l=0
(γ2i+1αj − βlαk)
=
(
γ(r−2)(2i+1) · (r − 1) · α−j
)
·
t−1∏
l=0,l 6=i
(
γ(2i+1)(r−1) − γ(2l+1)(r−1)
)
·
s−1∏
k=0
(
−αj(r+1) − αk(r+1)
)
.
(10)
Let u =
t−1∏
l=0,l 6=i
(
γ(2i+1)(r−1) − γ(2l+1)(r−1)) and ξ = γr−1 = g (r−1)22 . Then u = t−1∏
l=0,l 6=i
(ξ2i+1 − ξ2l+1).
Therefore,
ur =
t−1∏
l=0,l 6=i
(ξ−(2i+1) − ξ−(2l+1)) =
t−1∏
l=0,l 6=i
ξ−(2i+1)−(2l+1) · (ξ2l+1 − ξ2i+1)
= (−1)t−1 · ξ
−(t−1)(2i+1)−
t−1∑
l=0,l 6=i
(2l+1)
·
t−1∏
l=0,l 6=i
(ξ2i+1 − ξ2l+1)
= (−1)t−1 · ξ−(t−2)(2i+1)−t2 · u.
It follows that
ur−1 = g(r−1)·(
(r+1)(t−1)
2 −
r−1
2 ·((t−2)(2i+1)+t
2)),
that is u = g
(r+1)(t−1)
2 −
r−1
2 ·((t−2)(2i+1)+t
2)+k(r+1) with some integer k. Since r ≡ 3(mod 4) and t is odd,
then it is easy to verify that (r+1)(t−1)2 − r−12 ·((t−2)(2i+1)+ t2)+k(r+1) is even, which yields u ∈ QRq.
We choose λ = γ = g
r−1
2 .
• In (8), we have known that β, α, r+1 and
s−1∏
l=0,l 6=i
(αi(r+1)−αl(r+1)) are all nonzero square elements.
From (9), r ≡ 3 (mod 4) and t is odd, we obtain λu = g (r+1)t2 −(t2−1+2tj)· r−12 +k·(r+1) is a nonzero
square element. So λL−→a (α
iβj) ∈ QRq.
• In (10), from the above analysis, it is clear that all elements except γ(r−2)(2i+1) are nonzero square
elements. So λL−→a (γ
2i+1αj) ∈ QRq.
In short, by Lemma 2.2, there exists a q-ary
[
n, n2
]
MDS Euclidean self-dual code over Fq.
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Remark 3.2. In Theorem 2, the number of s is r−12 and the number of t is
r+1
4 . Thus the number of
MDS Euclidean self-dual codes is r−12 × r+14 = 18 · (q − 1) ≈ 18q.
Example 3.2. For q = 1512, there exists 1500 MDS Euclidean self-dual codes of different lengths n by
utilizing all the previous results (in Table 1). But we can produce 18 · (q − 1) = 2850 MDS Euclidean
self-dual codes of different lengths by Theorem 2 in this paper.
Remark 3.3. From Theorems 1 and 2, much more MDS Euclidean self-dual codes can be constructed
than all previous works for large square q.
4 Constructions of New MDS Euclidean Self-orthogonal Codes
In this section, we apply the criterion of MDS Euclidean self-orthogonal codes to construct new MDS
Euclidean self-orthogonal codes.
Theorem 3. Let q = r2, where r is an odd prime power and r ≡ 1 (mod 4). For any 1 ≤ s ≤ r+12 and
1 ≤ t ≤ r−12 , assume n = s(r−1)+ t(r+1) and 1 ≤ k ≤ n2 −1. There exists a q-ary [n, k] MDS Euclidean
self-orthogonal code.
Proof. Recall that α, β and γ in the Theorem 1. We also choose
−→a = (〈α〉, β〈α〉, . . . , βs−1〈α〉, γ〈β〉, γ3〈β〉, . . . , γ2(t−1)+1〈β〉).
Let g be a primitive element of F∗q . By the proof of Theorem 1, we obtain that
L−→a (β
iαj) = βi(r−2) · (r − 1) · α−j · g (r+1)(s−1)2 +2((s−2)i+ s(s−1)2 )+k·(r+1) ·
t−1∏
l=0
(
αj(r+1) − γ(2l+1)(r+1)
)
and
L−→a (γ
2i+1βj) =
(
γr(2i+1) · (r + 1) · β−j
)
·
t−1∏
l=0,l 6=i
(
γ(2i+1)(r+1) − γ(2l+1)(r+1)
)
·
(
(−1)s · g2(sj+ s(s−1)2 )+k(r+1)
)
.
• When s is even, we choose λ0 = γ and λ1 = λ2 = · · · = λn−2k = 0. Then we have
λ(βiαj)L−→a (β
iαj), λ(γ2i+1βj)L−→a (γ
2i+1βj) ∈ QRq.
• When s is odd, we choose λ1 = 1 and λ0 = λ2 = · · · = λn−2k = 0. Then we have
λ(βiαj)L−→a (β
iαj), λ(γ2i+1βj)L−→a (γ
2i+1βj) ∈ QRq.
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By Lemma 2.2, it follows that there exists a q-ary [n, k] MDS Euclidean self-orthogonal code.
Remark 4.1. In this Theorem, the condition that s is even in Theorem 1 is not required. Therefore, the
number of MDS Euclidean self-orthogonal codes can be reached approximately 14 · q.
Theorem 4. Let q = r2, where r is an odd prime power and r ≡ 3 (mod4). For any 1 ≤ s ≤ r−12 ,
1 ≤ t ≤ r+12 , assume n = s(r+1)+ t(r−1) and 1 ≤ k ≤ n2 −1. There exists a q-ary [n, k] MDS Euclidean
self-orthogonal code.
Proof. Recall that α, β and γ in the Theorem 2. We also choose
−→a = (〈β〉, α〈β〉, . . . , αs−1〈β〉, γ〈α〉, γ3〈α〉, . . . , γ2(t−1)+1〈α〉)
Let g be a primitive element of F∗q . By the proof of Theorem 2, we obtain that
L−→a (α
iβj) = αir · (r + 1) · β−j ·
s−1∏
l=0,l 6=i
(αi(r+1) − αl(r+1)) · g (r+1)t2 −(t2+2tj)· r−12 +k·(r+1).
and
L−→a (γ
2i+1αj) =
(
γ(r−2)(2i+1) · (r − 1) · α−j
)
·
t−1∏
l=0,l 6=i
(
γ(2i+1)(r−1) − γ(2l+1)(r−1)
)
· g (r+1)(t−1)2 − r−12 ·((t−2)(2i+1)+t2)+k(r+1).
• When t is odd, we choose λ0 = γ and λ1 = λ2 = · · · = λn−2k = 0. Then we have
λ(βiαj)L−→a (β
iαj), λ(γ2i+1βj)L−→a (γ
2i+1βj) ∈ QRq.
• When t is even, we choose λ1 = 1 and λ0 = λ2 = · · · = λn−2k = 0. Then we have
λ(βiαj)L−→a (β
iαj), λ(γ2i+1βj)L−→a (γ
2i+1βj) ∈ QRq.
By Lemma 2.2, it follows that there exists a q-ary [n, k] MDS Euclidean self-orthogonal code.
Remark 4.2. In this Theorem, the condition that t is odd in Theorem 2 can be omitted. Therefore, we
can construct approximately 14 · q MDS Euclidean self-orthogonal codes.
Theorem 5. Let q = r2, where r is an odd prime power and r ≡ 1 (mod4). For any odd s with
1 ≤ s ≤ r+12 and 1 ≤ t ≤ r−12 , assume n = s(r− 1) + t(r+ 1)+ 1 and 1 ≤ k ≤ n−12 . There exists a q-ary
[n, k] MDS Euclidean self-orthogonal code.
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Proof. Recall that α, β and γ in the Theorem 1. We choose
−→a = (〈α〉, β〈α〉, . . . , βs−1〈α〉, γ〈β〉, γ3〈β〉, . . . , γ2(t−1)+1〈β〉, 0).
Let g be a primitive element of F∗q . Similarly as the proof of Theorem 1, we obtain that
L−→a (β
iαj) = βi(r−1) · (r − 1) · g (r+1)(s−1)2 +2((s−2)i+ s(s−1)2 )+k·(r+1) ·
t−1∏
l=0
(
αj(r+1) − γ(2l+1)(r+1)
)
,
and
L−→a (γ
2i+1βj) =
(
γ(r+1)(2i+1) · (r + 1)
)
·
t−1∏
l=0,l 6=i
(
γ(2i+1)(r+1) − γ(2l+1)(r+1)
)
·
(
(−1)s · g2(sj+ s(s−1)2 )+k(r+1)
)
We make a routine calculation:
L−→a (0) =
s−1∏
l=0
r−2∏
k=0
(0 − βlαk) ·
t−1∏
l=0
r∏
k=0
(0− βkγ2l+1)
= α
(r−2)(r−1)s
2 · β (r−1)(s−1)s+r(r+1)t2 · γ(r+1)t2 .
When s is odd, it is easy to see
L−→a (β
iαj), L−→a (γ
2i+1βj), L−→a (0) ∈ QRq.
By Lemma 2.2, it follows that there exists a q-ary [n, k] MDS Euclidean self-orthogonal code.
Remark 4.3. In Theorem 5, the number of s is r+34 and the number of t is
r−1
2 . Therefore, there exist
r+3
4 × r−12 ≈ 18q MDS Euclidean self-orthogonal codes.
Theorem 6. Let q = r2, where r is an odd prime power and r ≡ 3 (mod4). For any 1 ≤ s ≤ r−12 ,
1 ≤ t ≤ r+12 and even t, assume n = s(r + 1) + t(r − 1) + 1 and 1 ≤ k ≤ n−12 . There exists a q-ary [n, k]
MDS Euclidean self-orthogonal code.
Proof. Recall that α, β and γ in the Theorem 2. We also choose
−→a = (〈β〉, α〈β〉, . . . , αs−1〈β〉, γ〈α〉, γ3〈α〉, . . . , γ2(t−1)+1〈α〉, 0)
Let g be a primitive element of F∗q . Similarly as the proof of Theorem 2, we obtain that
L−→a (α
iβj) = αi(r+1) · (r + 1) ·
s−1∏
l=0,l 6=i
(αi(r+1) − αl(r+1)) · g (r+1)t2 −(t2+2tj)· r−12 +k·(r+1).
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and
L−→a (γ
2i+1αj) =
(
γ(r−1)(2i+1) · (r − 1)
)
·
t−1∏
l=0,l 6=i
(
γ(2i+1)(r−1) − γ(2l+1)(r−1)
)
· g (r+1)(t−1)2 − r−12 ·((t−2)(2i+1)+t2)+k(r+1).
We calculate directly:
L−→a (0) =
s−1∏
l=0
r∏
k=0
(0− αlβk) ·
t−1∏
l=0
r−2∏
k=0
(0 − γ2l+1αk)
= α
(r+1)(s−1)s+(r−2)(r−1)t
2 · β r(r+1)s2 · γ(r−1)t2 .
When t is even, it is obvious that
L−→a (α
iβj), L−→a (γ
2i+1αj), L−→a (0) ∈ QRq.
By Lemma 2.2, it follows that there exists a q-ary [n, k] MDS Euclidean self-orthogonal code.
Remark 4.4. In Theorem 6, there are r−12 possibilities of s and
r+1
4 possibilities of t. Thus, about
r−1
2 × r+14 = 18 · (r − 1)2 ≈ 18q MDS Euclidean self-orthogonal codes can be constructed.
5 Conclusion
We propose a criterion of MDS Euclidean self-orthogonal codes. Based on the criterion, we construct
new MDS Euclidean self-dual codes by utilizing GRS codes. For any large square q, about 18 · q new
MDS Euclidean self-dual codes with different lengths can be produced. Simultaneously, some new MDS
Euclidean self-orthogonal codes have been constructed. In fact, the investigation on MDS Euclidean
self-orthogonal codes in coding theory is rare in previous works. Hence, there are a lot of works on MDS
Euclidean self-orthogonal codes need to be done.
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